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Abstract
We study boundary renormalization group flows of N = 2 minimal models
using Landau-Ginzburg description of B-type. A simple algebraic relation of
matrices is relevant. We determine the pattern of the flows and identify the
operators that generate them. As an application, we show that the charge
lattice of B-branes in the level k minimal model is Zk+2. We also reproduce
the fact that the charge lattice for the A-branes is Zk+1, applying the B-brane
analysis on the mirror LG orbifold.
1 Introduction
Many systems in statistical mechanics and quantum field theory have effective descrip-
tion of Landau-Ginzburg (LG) type. In particular, in (2, 2) supersymmetric field theories
in 1 + 1 dimensions, LG models provide effective description of a large class of theories,
both conformal and massive, from which one can extract intuitive pictures as well as exact
results, such as the set and character of vacua, dimension of operators and chiral rings.
The simplest example is the single variable model with superpotential
W = Xk+2 (1.1)
labeled by a positive integer k. It flows in the infra-red limit to the N = 2 minimal model
at level k — a (2, 2) superconformal field theory with central charge c = 3k
k+2
[1–5], as
argued in [6–8]. LG description gives us a clear picture of renormalization group (RG)
flows between conformal field theories. The system with superpotential (1.1) has left and
right U(1) R-symmetries which become a part of the superconformal algebra. A vector
U(1) is lost if we add a lower order term
W = Xk+2 + εXℓ. (1.2)
This can be regarded as a supersymmetric perturbation of the minimal model by a relevant
operator, and one can immediately tell by looking at the superpotential that it flows to
the model of lower level ℓ− 2.
In this paper, we study the boundary RG flows of Landau-Ginzburg models with
an unbroken N = 2 supersymmetry. Boundary RG flows are being studied from two
view points — statistical mechanics of two-dimensional critical systems and string theory.
In the latter, boundary RG flows describe, from the worldsheet perspective, the tachyon
condensation on the worldvolume of unstable D-brane systems [9]. The subject of unstable
D-brane systems [10] has proved to be extremely rich: it motivated the development of
string field theory [11, 12], led to the K-theory characterization of D-brane charge [13]
and its refinement [14], gave us a physical interpretation of the matrix models [15], and
provided workable models of time dependent string theory [16]. In most of them, an
important role is played by Chan-Paton factors which are simple matrix factors that live
on the worldsheet boundary.
A useful LG description of boundary RG flow already exists. This is in the context of
A-branes which are wrapped on Lagrangian submanifolds and support flat gauge fields. In
the minimal model and its deformations, the branes are D1-branes at the wedge-shaped
lines that reside in the pre-image ofW ∈ R [17]. (The coset construction provides a similar
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and sometimes useful picture where the branes are straight segment in a disc stretched
between special points on the boundary circle [18].) This LG description provides a useful
and geometrical picture of RR-charge, Witten index, as well as the appearance of Verlinde
algebra [17]. In this description, the boundary RG flow is simply the annihilation of the
brane and antibrane (see Figure 1), or recombination of the branes at the intersection
Figure 1: Flow of A-type boundary conditions in the minimal model
points. One can find the pattern of RG flows at a glance. This has been remarked, for
example, in [19] (and also in the disc picture in [18, 20]). However, it is not easy to identify
the operator that generates a given flow.
There are other class of branes, B-branes, which are wrapped on complex submanifolds
and support holomorphic bundles. The purpose of this work is to find a useful picture
of boundary RG flows using B-branes in Landau-Ginzburg models, hopefully to the same
extent as the A-branes or even to complement what is missing in the A-type picture.
B-branes in LG models have been studied in [21–27]. In particular, we use the recent
description by Kontsevich [24–27] (an independent and alternative description is in [23])
that uses the factorization of the superpotential on the Chan-Paton factor. What is
relevant here, it turns out, is the continuous deformation of the matrices1
Mt =
(
A 0
0 1
)(
cos t − sin t
sin t cos t
)(
1 0
0 B
)(
cos t sin t
− sin t cos t
)
that yields the flow (
A 0
0 B
)
⇒
(
AB 0
0 1
)
. (1.3)
This simple algebraic relation provides the B-type counterpart of the A-type flow as in
Figure 1. Also, by a basis change, Mt → Mt
(
cos t −sin t
sin t cos t
)
, the matrix for small t can be
1The author learned this in [28] where it is used in the proof of Bott periodicity.
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written as
Mε ∼=
(
A 0
0 B
)
+ ε
(
0 −AB
1 0
)
. (1.4)
This leads to the boundary analog of (1.2) where the perturbing term breaks the U(1) R-
symmetry and generates a flow of the boundary condition. In this way, one can identify the
operator that generates a given flow, as well as identify the IR limit of a given perturbation.
As an application, we determine the charge lattice of the D-branes in the minimal
model. For B-branes, it turns out that the lattice is torsion
ΛB ∼= Zk+2.
This is obtained through the relation (1.3) or more explicitly
x
. . .
. . .
x
⇒

xk+2
1
. . .
1
 .
We also reproduce the charge lattice of A-branes which has been known by the (A-type)
LG picture as
ΛA ∼= Zk+1.
This is done by using the mirror symmetry between the minimal model and its Zk+2-
orbifold, where A and B are exchanged, and applying (1.3) to the latter.
Note: While this work is being written, we noticed a paper [29] which studies boundary
RG flows of non-supersymmetric minimal models in LG description. Also, a paper [30]
just appeared which has some overlaps in the discussion of B-branes in LG orbifolds.
2 B-branes in Landau-Ginzburg Models
Let X be a non-compact Calabi-Yau manifold with a (local) Ka¨hler potential K(φ, φ)
and a global holomorphic function W (φ). We consider the (2, 2) supersymmetric LG
model with the action
S = SK + SW =
∫
Σ
d2x
[ ∫
d4θK(Φ,Φ) + Re
∫
d2θW (Φ)
]
. (2.1)
For superspace and superfields we use the convention of [22]. We are interested in B-
branes of this system. Namely, the boundary conditions and interactions preserving the
B-type N = 2 supersymmetry Q = Q+ +Q−, Q = Q+ +Q− [31].
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Under the transformation δ = ǫQ − ǫQ, the Ka¨hler potential term (D-term) SK is
invariant with the ordinary supersymmetric boundary condition for D-branes wrapped on
a complex submanifold of X . On the other hand, the superpotential term (F-term) varies
as [33, 21]
δSW = Re
∫
∂Σ,B
dt dθ(−iǫ)W (Φ) , (2.2)
where
∫
∂Σ,B
is the integration on the B-boundary in which θ+ = θ− =: θ (see [21] for
conventions on “boundary superspace”). This vanishes if the D-brane lies in a level set of
the superpotential W [32, 17]. There is actually an alternative way to preserve the B-type
supersymmetry [34]. Suppose the superpotential can be written as the product
W (Φ) = if(Φ)g(Φ). (2.3)
Then, we add a boundary term
Sbdry =
∫
∂Σ
dt
[
1
2
∫
B
dθdθ ΓΓ + Re
∫
B
dθ Γf(Φ)
]
. (2.4)
where Γ is a fermionic superfield on the B-boundary which fails to be chiral,
DΓ = g(Φ). (2.5)
Under the B-type supersymmetry the boundary term varies as
δSbdry = Re
∫
∂Σ,B
dtdθ
([
ǫQ− ǫQ]Γf(Φ)) ∣∣∣
θ=0
= Re
∫
∂Σ,B
dtdθ (−ǫDΓf(Φ))
∣∣∣
θ=0
= Re
∫
∂Σ,B
dtdθ iǫW (Φ) ,
which indeed cancels δSW . Thus we find a B-brane for each factorization of the superpo-
tential (2.3). More generally, if the superpotential is expressed as W = i
∑r
α=1 aαbα, one
can do the same by introducing Γα obeying DΓα = bα(Φ) with the boundary superpoten-
tial
∑r
α=1 Γαaα(Φ). It is straightforward to generalize this to the case of gauged linear or
non-linear sigma models with superpotential.
The component expression of a superfield with constraint DΓ = g(Φ) is Γ = η+ θG−
iθθη˙ − θg(Φ) and the boundary term reads as
Sbdry =
∫
∂Σ
dt
{
iηη˙ − 1
2
|g(φ)|2 − Re
(
η∂ig(φ)ψ
i
)
+
1
2
|G|2 + Re
(
−η∂if(φ)ψi +Gf(φ)
)}
=
∫
∂Σ
dt
{
iηη˙ − 1
2
|g(φ)|2 − 1
2
|f(φ)|2 − Re
(
η∂ig(φ)ψ
i + η∂if(φ)ψ
i
)}
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where ψi := ψi+ + ψ
i
−. The auxiliary field G is eliminated by solving G = −f(φ). The
supersymmetry variation of the fermion η is δη = ǫG − ǫg(φ) = −ǫf(φ) − ǫg(φ). Let us
formulate the system on the segment 0 ≤ σ ≤ π where we put the fermions η0 and ηπ at
the two boundaries with the boundary terms corresponding to the factorizations
W = if0g0 = ifπgπ.
The boundary at σ = 0 is oriented toward the past t → −∞ while the σ = π boundary
is oriented toward the future t → +∞. By No¨ther procedure we find the supercharge
Q = Qbulk +Qbdry, Q = Qbulk +Qbdry where
Qbulk =
∫ π
0
dσ
{
(ψ+ + ψ−) · ∂tφ+ (ψ+ − ψ−) · ∂σφ+ i(ψ− − ψ+)i∂iW (φ)
}
Qbdry = −i
[
ηf(φ) + ηg(φ)
]π
0
.
Using the canonical (anti)commutation relation, we find
Q
2
bulk = −iW
∣∣∣π
0
, {Qbulk, Qbdry} = 0, Q2bdry = iW
∣∣∣π
0
, (2.6)
and indeed the total supercharge Q is nilpotent. The fermion at σ = π is represented on
a two dimensional vector space C2π spanned by |0〉π, ηπ|0〉π. This is the Chan-Paton factor
of the brane. The Chan-Paton factor for the brane at σ = 0 is likewise C20 spanned by
|0〉0, η0|0〉0. Both spaces are Z2 graded by the fermion number — |0〉 is bosonic and η|0〉
is fermionic. Open string states take values in Hom(C20,C
2
π) on which the boundary part
of the supercharge is represented as
iQbdry
(
a b
c d
)
=
(
0 fπ(φ)
gπ(φ) 0
)(
a b
c d
)
−
(
a −b
−c d
)(
0 f0(φ)
g0(φ) 0
)
.
(2.7)
Since X is assumed to be Calabi-Yau, the supersymmetric ground states are determined
by the zero mode analysis. The zero mode Hilbert space is represented as the space of
Hom(C20,C
2
π)-valued antiholomorphic forms on X on which the supercharge acts as the
Dolbeault operator plus (2.7):
iQ = ∂ + iQbdry
(In the zero mode sector, the left and the right boundaries are mapped to the same point
and thus Q
2
bulk = Q
2
bdry = 0.) Note that this forms a Z2-graded complex where the grading
comes from the mod 2 reduction of form degree and the fermion number in Hom(C20,C
2
π).
The space of supersymmetric ground states can be identified as the Q-cohomology group.
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If X is a Stein space, this reduces to the cohomology of Qbdry acting on the space of
Hom(C20,C
2
π)-valued holomorphic functions on X :
HSUSY ∼= H(Γhol (X,Hom(C20,C2π));Qbdry). (2.8)
If the brane corresponds to more general “factorization”,W = i
∑r
α=1 aαbα, the Chan-
Paton factor is C2
r
spanned by the exterior powers of ηα multiplied to the state |0〉
annihilated by ηα. The operator iQbdry acts as
∑r
α=1(ηαaα+ηαbα), exchanging the bosonic
and fermionic subspaces of C2
r
. Let f (resp. g) be the restriction of this operator on the
fermionic (resp. bosonic) subspace. Then, fg and gf are both proportional to −iW .
One can further generalize the Chan-Paton factor to an arbitrary Z2-graded vector space
V = V+ ⊕ V− on which there are operators g : V+ → V− and f : V− → V+ such that
fg = −iW1V+ , gf = −iW1V− . (2.9)
The boundary action is given by the super-Wilson-line for the superconnection
A = 1
2
(
ff † + g†g ψi∂if + ψ
ı
∂ıg
†
ψi∂ig + ψ
ı
∂ıf
† f †f + gg†
)
.
This is the same as the standard super-Wilson-line factor for the brane-antibrane system
[35, 36] corresponding to the tachyon field T = f + g† : V− → V+ (up to the shift by
Im(W )). Let (V−⇋
f
g V+)0 and (V−⇋
f
g V+)π be two such branes and consider the open
string stretched between them. The space of supersymmetric ground states is isomorphic
to the cohomology group
HSUSY ∼= H(Γhol(X,Hom(V0, Vπ));Qbdry), (2.10)
where Qbdry is defined as in (2.7).
This realization of the space of supersymmetric ground states was obtained by Kont-
sevich whose work is interpreted in the above form in [24]. An independent work on the
same subject is done by the author [21–23]. In [23] a different form of the cohomological
realization is obtained (see also [22] for a preliminary version which gives the derivation).
We also note that some mathematical predictions of these results combined with Mirror
Symmetry [37] were confirmed in [38, 39].
3 B-Branes in N = 2 Minimal Models
Let us consider the Landau-Ginzburg model of a single variable X with the Ka¨hler
potential K = |X|2 and superpotential
W = iXk+2.
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Since the superpotential is homogeneous, this model has a vector R-symmetry U(1)V :
X(θ±) → e 2iαk+2X( e−iαθ±), in addition to the axial R-symmetry U(1)A : X(θ±) →
X( e∓iβθ±). There is also a discrete Zk+2 symmetry generated by
γ : X → ωX, ω := e 2piik+2 . (3.1)
The system flows in the infra-red limit to a (2, 2) sueprconformal field theory of central
charge c = 3k
k+2
, called the N = 2 minimal model of level k. The two R-symmetries of the
LG model define the U(1) currents of the (2, 2) superconformal algebra.
3.1 The B-branes BL
Let us apply the result of the previous section to this Landau-Ginzburg model. The
superpotential can be factorized asW = ixL+1 ·xk+1−L. Thus, for each L = −1, 0, ..., k, k+
1, we find a B-brane BL given by the boundary action∫
∂Σ
dt
[
1
2
∫
B
dθdθ ΓΓ + Re
∫
B
dθ ΓXL+1
]
where Γ obeys the constraint DΓ = Xk+1−L. The boundary term is invariant under the
Zk+2 discrete symmetry if we let γ acts on the superfield Γ by
γ : Γ→ ω−L−1Γ. (3.2)
Also the vector R-symmetry is preserved under the transformation
U(1)V : Γ(θ)→ ei
k−2L
k+2
αΓ( e−iαθ). (3.3)
If the brane BL defines a conformal boundary condition in the IR limit, we expect that
U(1)V becomes a part of the N = 2 superconformal algebra.
3.2 Supersymmetric Ground States
Let us find the supersymmetric ground states of the open strings. We first consider
the string with the both ends at BL. Using (2.7), we find
iQbdry
(
a(x) b(x)
c(x) d(x)
)
=
(
xL+1c(x) + b(x)xk+1−L xL+1(d(x)− a(x))
xk+1−L(a(x)− d(x)) xk+1−Lb(x) + c(x)xL+1
)
It vanishes if and only if a(x) = d(x) and xk+1−Lb(x) + c(x)xL+1 = 0. Then, it is Qbdry-
exact when a(x) is divisible by xL+1 or xk+1−L, b(x) is divisible by xL+1 and c(x) is divisible
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by xk+1−L. If L = −1 or L = k + 1, any Qbdry-closed state is Qbdry-exact and thus there
is no supersymmetric ground state. For 0 ≤ L ≤ k, there are non-zero Qbdry-cohomology
classes represented by
|j〉bLL =
(
xj 0
0 xj
)
, |j〉fLL =
(
0 xL−j
−xk−L−j 0
)
; j = 0, 1, ...,min{L, k − L}.
(3.4)
Similarly, for the string stretched from BL1 to BL2 , the Qbdry-cohomology group is non-
trivial for 0 ≤ L1, L2 ≤ k and the basis are represented by
|j〉bL1L2 =
(
xj−
L1−L2
2 0
0 xj+
L1−L2
2
)
, |j〉fL1L2 =
(
0 x
L1+L2
2
−j
−xk−L1+L22 −j 0
)
; (3.5)
j = |L1−L2|
2
, |L1−L2|
2
+ 1, ...,min
{
L1+L2
2
, k − L1+L2
2
}
. (3.6)
In all cases, there are equal number of bosonic and fermionic supersymmetric ground
states. This in particular means that the Witten index vanishes
Tr
BL1
BL2
(−1)F = 0. (3.7)
Zk+2 action
The Zk+2 symmetry X → ωX , acts on the boundary fermion for the brane BL as
η → ω−L−1η according to (3.2). The action on the Chan-Paton factor is determined by
the action on the ground state |0〉L, which depends on a choice
ρM(γ) : |0〉L → ω−M+L+12 |0〉L (3.8)
parametrized by a mod 2(k + 2) integer M such that L +M + 1 is even. The action on
the ground states for the open string stretched from (BL1 , ρM1) to (BL2 , ρM2) is
γ : |j〉bL1L2 7→ ωj+
M1−M2
2 |j〉bL1L2, |j〉fL1L2 7→ ω−j−1+
M1−M2
2 |j〉fL1L2. (3.9)
The open string Witten index twisted by the symmetry γm is given by
Tr
(BL1 ,ρM1)(BL2 ,ρM2 )
(−1)Fγm = ωmM1−M22
∑
j∈(3.6)
(
ωmj − ω−m(j+1)
)
. (3.10)
R-charges
Let us next analyze the R-charges of these supersymmetric ground states. By (3.3),
the R-symmetry acts on the boundary fermion for the brane BL as η → λk−2Lη where
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λ = e
iα
k+2 . We let the Chan-Paton state |0〉L to transform as |0〉L → λ k2−L|0〉L so that
the two states |0〉L and η|0〉L have the opposite charges. This yields the following R-
transformation of the L1-L2 open string states:
U(1)V :
(
a(x) b(x)
c(x) d(x)
)
−→ λ•
(
λ−L2+L1a(λ2x) λ−L2+k−L1b(λ2x)
λL2−k+L1c(λ2x) λL2−L1d(λ2x)
)
where λ• is the factor to be determined. The ground states transform as |j〉bL1L2 7→
λ2j+•|j〉bL1L2 and |j〉fL1L2 7→ λk−2j+•|j〉fL1L2 . We now require that the charge spectrum to
be symmetric under the sign flip q → −q. This fixes λ• to be λ− k2 . Then, we find that
the R-charges of |j〉bL1L2 and |j〉fL1L2 are
q|j〉b
L1L2
= −q|j〉f
L1L2
=
2j
k + 2
− k
2(k + 2)
. (3.11)
3.3 Boundary Chiral Primaries
Just as for closed string, there is a one-to-one correspondence with the open string
supersymmetric ground states and the boundary chiral ring elements:
O
b
j,L1L2
←→ |j〉bL1L2 , Ofj,L1L2 ←→ |j〉fL1L2 , (3.12)
Their R-charges are obtained from (3.11) by the spectral flow q → q + c
6
:
qOb
j,L1L2
=
2j
k + 2
, q
O
f
j,L1L2
=
k − 2j
k + 2
(3.13)
Under the assumption that BL define conformal boundary conditions, the boundary chiral
ring elements define boundary chiral primary fields of the boundary CFT. As usual [40],
the R-charge q determines the conformal dimension of the operator h = q
2
. Thus, the
operators Ob,fj,L1L2 have dimension h
b
j,L1L2
= j
k+2
and hfj,L1L2 =
k
2
−j
k+2
.
For the boundary preserving operators, L1 = L2 = L, they can be expressed in terms
of the elementary fields as
O
b
j,LL = x
j , Ofj,LL = ηx
L−j − ηxk−L−j . (3.14)
They indeed represent the non-trivial cohomology classes of δx = 0, δη = −ǫxk+1−L and
δη = −ǫxL+1, and have the right R-charge (3.13) under x → e 2iαk+2x, η → ek−2Lk+2 iαη,
η → e− k−2Lk+2 iαη. The fermionic operator Ofj,LL is the lowest component of the superfield
ΓXL−j −ΓXk−L−j which is indeed chiral since DΓ = Xk+1−L and DΓ = XL+1 (on shell).
Thus, the corresponding deformation is given by the boundary F-term
∆Sbdry = Re
∫
∂Σ,B
dtdθ
(
ΓXL−j − ΓXk−L−j
)
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The t integrand is an operator of dimension
k
2
− j
k + 2
+
1
2
=
k + 1− j
k + 2
< 1,
and therefore is relevant.
3.4 The branes B−1 and Bk+1
The branes B−1 and Bk+1 are special in the sense that there is no supersymmetric
ground state on the open strings stretched between themselves as well as between them
and any other brane. Also, either f or g of the factorization of W is 1 (identity) and the
term |f |2+ |g|2 of the boundary action is larger than or equal to 1 everywhere on the field
space. This is analogous to the situation of “constant tachyon” where we expect that the
brane decays to nothing. From these facts, we claim that the branes B−1 and Bk+1 can
be regarded as “nothing” or “zero”. Namely, if they make a summand of the brane, like
B−1 ⊕B′, the boundary condition in the infra-red limit is identified as B′ only.
3.5 Comparison with RCFT results
A detailed study of the boundary state of N = 2 minimal model is done in a part
of [41], based on an earlier work [18] which studies the D-branes in the coset model
SU(2)k×U(1)2
U(1)k+2
using the standard RCFT technique [42]. The coset model is obtained from
the minimal model by a particular non-chiral GSO projection, and what is done in [41] is
to carefully identify the boundary state before that GSO projection. It is found that there
is a boundary condition BL,M,S labeled by L ∈ {0, 1, ..., k}, M ∈ Z2(k+2) and S ∈ Z4 with
L +M + S even, which preserves the supersymmetry Q+ − (−1)SQ− (thus S odd ones
are relevant for us). It is invariant under the Zk+2 discrete symmetry and the boundary
state on the circle twisted by γm is1
|BL,M,S〉γm = (2k + 4) 14 e−πiMmk+2+πiS2
∑
l∈{0,1,...,k}
ν∈{0,1}
SL l√
S0 l
(−1)Sν |l, m, 2ν + 1〉〉B, (3.15)
|BL,M,S〉(−1)F γm = (2k + 4)
1
4 e−πi
Mm
k+2
∑
l∈{0,1,...,k}
ν∈{0,1}
SL l√
S0 l
(−1)Sν|l, m, 2ν〉〉B, (3.16)
where |j,m, s〉〉B is the B-type Ishibashi state. From this one can read the full spectrum
of open strings, including the supersymmetric ground states with their Zk+2-charges. In
1This slightly differs from the state |B[j,s]〉 in [41] by a phase, |B[j,s]〉a2m = e
piinm
k+2
−
piis
2 |B2j,n,s〉γm and
|B[j,s]〉(−1)F a2m = e
piinm
k+2 |B2j,n,s〉(−1)F γm .
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particular, the Zk+2-twisted Witten index can be computed as the overlap (see Eqn (5.43)
of [41]):
γm〈BL1,M1,S1| eπiJ0qHt |BL2,M2,S2〉γm
= e
πi
(
m(M1−M2)
k+2
−
S1−S2
2
) ∑
l∈{0,1,...,k}
N lL1L2
(
eπi
ml
k+2 − e−πim(l+2)k+2
)
, (3.17)
where N l
′′
l l′ is the SU(2)k Fusion coefficients. This agrees with (3.10) under the identifi-
cation of (BL, ρM) and BL,M,1. The NSNS part of the boundary state (m = 0 in (3.16))
shows that the boundary entropy [43] of the brane BL is given by
gL := 〈0|BL〉NSNS = (2k + 4)
1
4
SL 0√
S0 0
=
√
2
sin(πL+1
k+2
)√
sin( π
k+2
)
. (3.18)
We also need to stress that we do not have the so called “short-orbit branes” B̂ in
our system. They are the oriented branes in the GSO projected model (coset model) [18],
where nothing is wrong with the coexistence of B̂ and our branes. In the model with the
other GSO projection, opposite in the RR sector, our branes become oriented and short-
orbit branes are unoriented, but again there is no problem with the coexistence. However,
in the model before the GSO projection, there is an odd number of real fermions between
our branes BL and the short-orbit branes B̂, which is problematic in quantization [13].
Thus our branes and short-orbit branes cannot coexist before GSO projection. This fact
is very important in the construction of rational B-branes in Gepner model, directly from
the B-branes in the minimal models [44]. The LG description of the short-orbit branes is
given in the model with superpotential W = Xk+2 − Y 2. A related discussion is given in
the third paper of [24].
4 Brane Charges and RG Flows
We have seen that the Witten index of the open string for any pair of B-branes vanishes
(3.7). By factorization, this implies that the overlap of the boundary state and the RR
ground states all vanish
RR
〈i|BL〉RR = 0, which is indeed the case: (3.15) has no overlap
with the supersymmetric ground states |ℓ, ℓ+1, 1〉⊗|ℓ,−ℓ− l,−1〉 on the untwisted circle.
However, this does not mean that the D-brane charge vanishes. There could be a torsion
charge that cannot be measured by the overlaps,
RR
〈i|B〉
RR
. In this section, we show that
our B-branes BL with L = 0, 1, ..., k indeed carry such torsion charges. What we use
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extensively is the homotopy relation between matrices of the type (1.3),(
A 0
0 B
)
0←t←− Rt
(
A 0
0 B
)
R−1t
t→pi
2−→
(
B 0
0 A
)
where
Rt :=
(
cos t − sin t
sin t cos t
)
. (4.1)
Furthermore, we determine the pattern of boundary RG flows and identity the operators
that generate them.
4.1 The Charges of The B-branes
Let us consider the one-parameter family of 2× 2 matrix pairs
ft(x) = Rt
(
1 0
0 x
)
R−1t
(
x 0
0 1
)
(4.2)
gt(x) =
(
1 0
0 x
)
Rt
(
xk+1 0
0 xk
)
R−1t , (4.3)
where Rt is the matrix given by (4.1). One can readily see that the condition of B-type
supersymmetry is preserved at each t, ftgt = x
k+212, gtft = x
k+212. At t = 0, the linear
maps are
f0(x) =
(
x 0
0 x
)
, g0(x) =
(
xk+1 0
0 xk+1
)
,
representing the sum of two copies of the L = 0 brane, B0 ⊕B0. At t = π2 , the linear
maps are
fpi
2
(x) =
(
x2 0
0 1
)
, gpi
2
(x) =
(
xk 0
0 xk+2
)
,
representing the sum of L = 1 and L = −1 branes, B1 ⊕B−1. Since the L = −1 brane
is empty, we find that the two brane configurations are continuously connected with each
other.
B0 ⊕B0 ≃ B1.
Similarly, by the following family of configurations
ft(x) = Rt
(
1 0
0 xL2+1
)
R−1t
(
xL1+1 0
0 1
)
, (4.4)
gt(x) =
(
xk−L1−L2 0
0 xk+1−L2
)
Rt
(
xL2+1 0
0 1
)
R−1t (4.5)
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we find the homotopy relation of the branes
BL1 ⊕BL2 ≃ BL1+L2+1. (4.6)
Here we have assumed that L1+L2 ≤ k. If L1+L2 ≥ k, we find BL1⊕BL2 ≃ BL1+L2−k−1
by a suitable modification of the homotopy. Using (4.6) repeatedly, we find
BL ≃ B0 ⊕ · · · ⊕B0︸ ︷︷ ︸
L+1
. (4.7)
As the spacial case L = k + 1, we find
B0 ⊕ · · · ⊕B0︸ ︷︷ ︸
k+2
≃ 0. (4.8)
The homotopy relations (4.7) and (4.8) imply that the RR-charge of the B-branes is
ΛB ∼= Zk+2 (4.9)
generated by B0.
4.2 Mirror Picture: A-branes in the Zk+2 LG Orbifold
The LG model with superpotential W = Xk+2 is mirror to the LG orbifold W˜ = X˜k+2
with respect to the group Zk+2 [45] which acts on the fields as X˜ → ωX˜. The B-branes
in the model W = Xk+2 is mapped to the A-branes in the LG orbifold. A-branes in the
k+2
k+2
(M+L+1)
pi (M−L−1
pi
)
Figure 2: The A-brane AL,M . This is the example L = 2, M = 5 for k = 6.
model before orbifold are the D1-brane at the wedge-shaped lines with apex at X˜ = 0,
which are mapped to the (positive) real line of the W˜ -plane. For each L = 0, 1, ..., k and
M ∈ Z (mod 2(k + 2)) such that L +M + 1 is even, there is an A-brane AL,M which
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the wedge coming in from the direction arg(x˜) = πM−L−1
k+2
and going out to the direction
arg(x˜) = πM+L+1
k+2
. See Figure 2. The opening angle and the mean-direction of the wedge
are determined by L and M respectively as 2πL+1
k+2
and πM
k+2
.
The orbifold group Zk+2 acts on the branes as AL,M → AL,M+2 which is free of fixed
points nor stabilizers. Thus A-branes in the orbifold model are just the sums over images.
We denote by AL the brane obtained from AL,M which have opening angle 2π
L+1
k+1
. Let
us consider the sum of two such branes AL1 ⊕ AL2 which are obtained from the sums
over images of AL1,M1 and AL2,M2. One can find a pair (M1,M2) such that the out-
going direction of AL1,M1 agrees with the in-coming direction of AL2,M2 . Under such
arrangement, the charge of the sum AL1,M1 ⊕ AL2,M2 is the same as the charge of the
brane AL1+L2+1,M ′ for some M
′. (We will discuss the A-brane charge in the Section 5.1
k+2pi
pi k+
pi
L +1
L +L +
L +2
1
1
k+2
2
2
1
2
2
2
2
Figure 3: Cancellation of out-going and in-coming rays of two A-branes.
in more detail.) This is understood as the cancellation of the two parallel rays with the
opposite orientations. See Figure 3. Thus, we find the homotopy relation
AL1 ⊕AL2 ≃ AL1+L2+1. (4.10)
This is the mirror counterpart of the relation (4.6) under the identification
BL = AL. (4.11)
In particular, the relation (4.8) is mirror to the process that the sum of (k + 2)-copies of
the brane A0 of opening angle
2π
k+2
annihilates to nothing, by cancellation of the out-going
ray of one brane and the in-coming ray of the next brane. See Figure 6 in Section 5 for
the corresponding annihilation in the model before orbifold.
4.3 Boundary RG Flows
The cancellation of the parallel rays of opposite orientations we have seen is nothing
but annihilation of brane and antibrane, which can be regarded as a tachyon condensation
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on the worldvolume [46]. In the worldsheet perspective, open string tachyon condensations
can be described as the boundary renormalization group flows generated by boundary
relevant operators [9, 47–49]. We would like to view the homotopy relation BL1 ⊕BL2 →
BL1+L2+1 as such a boundary RG flow, directly for B-branes in the model without orbifold,
and identify the relevant operator that generates it.
To this end, we make a basis change of the Chan-Paton factors that simplifies the
expression of the intermediate configurations (4.4)-(4.5). (Recall that we are assuming
L1 + L2 ≤ k. Other cases can be treated with an obvious modification.) We change
the basis of C2+ by Rt, so that the matrix expression changes as ft(x) → R−1t ft(x),
gt(x)→ gt(x)Rt. More explicitly we have
ft(x) =
(
1 0
0 xL2+1
)
R−1t
(
xL1+1 0
0 1
)
=
(
xL1+1 cos t sin t
−xL1+L2+2 sin t xL2+1 cos t
)
,
gt(x) =
(
xk−L1−L2 0
0 xk+1−L2
)
Rt
(
xL2+1 0
0 1
)
=
(
xk+1−L1 cos t −xk−L1−L2 sin t
xk+2 sin t xk+1−L2 cos t
)
In this expression, we see that the configuration for t = ε≪ 1 can be expanded as
fε(x) = f0(x) + ε
(
0 1
−xL1+L2+2 0
)
+ · · · , (4.12)
gε(x) = g0(x) + ε
(
0 −xk−L1−L2
xk+2 0
)
+ · · · . (4.13)
To identify the operator that gives this perturbation, we note that the matrix entries of
f(x) and g(x) have the following invariant meaning:
f(x) =
(
|0〉11〈0|η1 |0〉12〈0|η2
|0〉21〈0|η1 |0〉22〈0|η2
)
, g(x) =
(
η|0〉11〈0| η1|0〉12〈0|
η2|0〉21〈0| η2|0〉22〈0|
)
.
This is enough to find that the perturbation corresponds to the following fermionic states
in the BL1-BL2 sector and the BL2-BL1 sector
|pert〉f
L1L2
=
(
0 −xL1+L2+2
xk+2 0
)
, |pert〉f
L2L1
=
(
0 1
−xk−L1−L2 0
)
(4.14)
Comparing with (3.5), these states can be formally identified as the “supersymmetric
ground states” −|j12〉fL1L2 and |j21〉fL2L1 respectively, where j12 = −L1+L22 − 2 and j21 =
L1+L2
2
. Note that j21 is in the range (3.6) but j12 is not. Thus, |pert〉fL2L1 = |j21〉fL2L1 is
a true ground state but |pert〉fL1L2 = −|j12〉fL1L2 is not. In fact, |pert〉fL1L2 is fine in the
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sense that it is annihilated by the supercharge Qbdry but it is a Qbdry-exact state. We can
interpret what we have seen as follows: The perturbation (4.12)-(4.13) is generated by the
boundary F-term corresponding to the fermionic state
|j21〉fL2L1 ; j21 =
L1 + L2
2
. (4.15)
In order to define a deformation which obeys the supersymmetry condition, f(x)g(x) =
−iW and g(x)f(x) = −iW , it needs to be accompanied by a Q-exact part, which is
−|j12〉fL1L2, j12 = −L1+L22 − 2.
It is conjectured that the boundary entropy g = 〈0|B〉
NSNS
must decrease under the
boundary RG flows — “g-theorem” [43, 50]. Let us check this in the present case. The
boundary entropy of the brane BL is given by (3.18) or
gL = ck · sin
(
π
L+ 1
k + 2
)
,
where ck is an L-independent constant. A nice picture to understand it is the one regarding
the N = 2 minimal model or its orbifold as the dilatonic sigma model on the disc where
the A-branes are given by the straight segments connecting k + 2 special points on the
boundary [18].1 The boundary entropy of a brane is proportional to the length of the
segment. In this picture it is clear that the boundary entropy decreases under the flow
BL1 ⊕BL2 → BL1+L2+1. It is simply the triangle inequality (see Figure 4).
pi
pi
2
1 1L +
L +
k+
2
2
2k+
1
2
Figure 4: The disc picture of the mirror A-branes. The boundary entropy is given by the
length of the segment. It decreases under the RG flow BL1 ⊕BL2 → BL1+L2+1 by the
triangle inequality.
Remarks.
(i) Although gL1+L2+1 is less than the sum gL1+gL2 , it is larger than the individual entropy
1However, one can also compute it in the LG picture using the proportionality to the “RR-charge”
〈0|B〉
RR
which is identified as the weighted integral
∫
L
e−iWdX˜ [17]. The disc picture may be regarded
as focusing on the origin X˜ = 0 of the LG model in the IR limit. The sharp apex of the wedge may be
modified as the straight segment of the disc (private communication with J. Maldacena, 2002).
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gL1, gL2 . This is related to the fact that we need to add the Q-trivial piece |pert〉fL1L2 whose
corresponding operator formally has dimension k+1−j12
k+2
= 1 + L1+L2+2
2(k+2)
larger than 1.
(ii) It would be a very interesting problem to define the boundary entropy throughout the
RG flow, not just the UV and IR limits, and see if it continuously decreases. See [51] for
a proposal in the context of supersymmetric field theories in (bulk) four-dimensions.
4.3.1 More general perturbations
The perturbation operator corresponding to (4.15) has dimension
∆pert =
k + 1− j21
k + 2
=
k + 1− L1+L2
2
k + 2
.
It is the most relevant operator since the maximum value of j for |j〉fL1L2 or |j〉fL2L1 is
jmax = min{L1+L22 , k − L1+L22 } (which is L1+L22 in the present case where L1 + L2 ≤ k
is assumed). We would now like to study the perturbation generated by other relevant
operators, j = |L1−L2|
2
, ..., jmax − 1.
We consider the following generalization of the family of configurations
ft(x) =
(
1 0
0 xa
)
R−1t
(
xL1+1 0
0 xL2+1−a
)
=
(
xL1+1 cos t xL2+1−a sin t
−xL1+1+a sin t xL2+1 cos t
)
, (4.16)
gt(x) =
(
xk+1−L1−a 0
0 xk+1−L2
)
Rt
(
xa 0
0 1
)
=
(
xk+1−L1 cos t −xk+1−L1−a sin t
xk+1−L2+a sin t xk+1−L2 cos t
)
(4.17)
for some integer a such that matrix entries of the right hand sides are all monomials of x:
max{−L1 − 1, L2 − k − 1} ≤ a ≤ min{L2 + 1, k + 1− L1}. (4.18)
As before we can identify this as the perturbation generated by the operator corresponding
to the fermionic states −|j12〉fL1L2 and |j21〉fL2L1 where
j12 =
L2 − L1
2
− a− 1, j21 = L1 − L2
2
+ a− 1.
Note that j12+ j21 = −2 and hence it is impossible for both to satisfy the condition (3.6)
— at most only one of them can satisfy it. If we assume L1 ≥ L2 and L1 + L2 ≤ k in
addition to (4.18), the condition is
|j12〉fL1L2 ∈ HSUSY ⇐⇒ a ≤ L2 − L1 − 1, (4.19)
|j21〉fL2L1 ∈ HSUSY ⇐⇒ a ≥ 1. (4.20)
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Only if either one of these conditions are met, can one consider fε(x), gε(x) as a relevant
perturbation of BL1 ⊕ BL2 . The final configuration is the one with t = π2 . After the
change of basis of C2+ by Rpi2 =
(
0−1
1 0
)
, it is expressed as
f˜(x) =
(
xL1+1+a 0
0 xL2+1−a
)
, g˜(x) =
(
xk+1−L1−a 0
0 xk+1−L2+a
)
, (4.21)
which is the configuration of the sum BL1+a ⊕ BL2−a. Note that {L1 + a, L2 − a} =
{L1+L2
2
+ j + 1, L1+L2
2
− j − 1} for j = j12 or j = j21. Thus we find that the relevant
operator corresponding to |j〉fL1L2 ∈ HSUSY or |j〉fL2L1 ∈ HSUSY generates an RG flow
BL1 ⊕BL2 −→ BL1+L2
2
+j+1
⊕BL1+L2
2
−j−1
. (4.22)
Note that the difference of the two opening angles |L1 − L2| increases after the flow
|(L1+L2
2
+ j + 1)− (L1+L2
2
− j − 1)| = 2j + 2 > |L1 −L2|. In the disc picture of the mirror
minimal model, we indeed see that the total boundary entropy decreases (see Figure 5):
gL1 + gL2 > gL1+L2
2
+j+1
+ gL1+L2
2
−j−1
. (4.23)
Figure 5: The RG flow BL1⊕BL2 → BL1+L2
2
+j+1
⊕BL1+L2
2
−j−1
generated by the operator
corresponding to |j〉fL1L2 or |j〉fL2L1 . The mid-point after the flow can only be in the shaded
regions. The two components correspond to whether the flow is generated by |j〉fL1L2 or
|j〉fL2L1 . It is evident that the sum of lengths decreases under the flow.
Finally, we would like to comment on operators in the BLi-BLi sectors. As we have
seen, there are indeed fermionic chiral primary operators that may correspond to relevant
deformations. However, one cannot find a deformation that obeys the supersymmetry
condition f(x)g(x) = −iW and g(x)f(x) = −iW . Thus, it seems that these operators
cannot induce a finite supersymmetric deformation of the system. This guarantees the
conservation of the torsion D-brane charge ΛB ∼= Zk+2 we have claimed.
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5 B-Branes in LG Orbifold W = Xk+2/Zk+2
In this section, we study the charges and the boundary RG flows for B-branes in the
LG orbifold of W = Xk+2 with respect to the group Zk+2 generated by γ : X → ωX .
This is mirror to A-branes in the LG model without orbifold which are studied in [17]. We
first describe that known cases and then see how the result is reproduced and extended
using B-branes of the orbifold.
5.1 Mirror picture: A-branes in W = X˜k+2
We recall that we have an A-brane AL,M in the LG model W = X˜
k+2 for each (L,M)
with L +M = 1 is even. It is the wedge coming from arg(x˜) = πM−L−1
k+2
and going to
arg(x˜) = πM+L+1
k+2
(see Figure 2). The Witten index of the open string stretched between
two of such branes is
I(A1,A2) = #(A
−
1 ∩A +2 ) (5.1)
where A ± is the rotation of A by a small positive/negative angle (see [22]). The space
of supersymmetric ground states of the string is
HbSUSY ⊕HfSUSY =

C⊕ 0 if I = 1
0⊕ C if I = −1
0⊕ 0 if I = 0.
(5.2)
If L1 ≥ L2, k ≥ L1 + L2, the index is given by
I(AL1,M1,AL2,M2) =

1 if M2−L2−1
2
+ 1 ≤ M1+L1+1
2
≤ M2+L2+1
2
−1 if M2−L2−1
2
+ 1 ≤ M1−L1−1
2
≤ M2+L2+1
2
0 otherwise.
(5.3)
The charge lattice of the A-branes is H1(C, B
+) where B+ is the region in which Im(W )
is large positive. It is
ΛA ∼= Zk+1 (5.4)
generated by [A +0,M ] M = 0, 2, ..., 2(k + 1) which obey the linear relation
[A +0,0] + [A
+
0,2] + · · ·+ [A +0,2k+2] = 0 in H1(C, B+).
Figure 6 describes this relation in the example of k = 6.
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Figure 6: The branes A0,M ,M = 0, 2, ..., 2(k+1) (for the case k = 6). The shaded regions
are B+. With a small positive rotation, each represent a class [A +0,M ] ∈ H1(C, B+). The
sum annihilates in H1(C, B
+) because of the cancellation of the out-going ray of one brane
and the in-coming ray of the next brane.
5.1.1 RG-flow as brane recombination
Let us study the supersymmetric boundary RG flows. We first consider a single brane
AL,M . This represents a non-trivial charge [A
+
L,M ] ∈ H1(C, B+) and must be stable.
Indeed, since I(AL,M ,AL,M) = 1, there is only one supersymmetric ground state and it is
bosonic. Therefore there is no fermionic chiral primary field and hence no supersymmetric
deformation operator. We next consider the sum of two branes AL1,M1⊕AL2,M2. Whether
there is another brane configuration to which it can decay depends on the intersection
numbers of the two branes. There are four cases to consider.
(i) No intersection
If the two do not intersect, there is no supersymmetric ground state, and hence no super-
symmetric deformation of the brane configuration, both in the 1-2 and 2-1 string sectors.
Since there is neither in the 1-1 and 2-2 sectors (as we have seen for the single brane case),
there is no supersymmetric deformation of the brane. Thus the brane is stable.
(ii) “Transverse” intersection
This is the case where the two intersects transversely as in Figure 7(Left). In this case,
one of the intersection numbers is +1 and other is −1. In the Figure it is I(1, 2) = 1 and
I(2, 1) = −1. In this case, there is one fermionic supersymmetric ground state in the 2-1
string sector. Depending on the dimension of the corresponding deformation operator,
the brane can decay into another brane configuration. The wedge-picture suggests that
the brane recombination occurs, and it ends up with a configuration of two other branes.
The end point is as in Figure (Right) which is the sum AL′1,M ′1 ⊕ AL′2,M ′2, where L′1 =
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AA
1
2
1A
A 2’
’
Figure 7: Two branes intersecting “transversely” (Left). It is expected to recombine to
two other branes without intersection (Right).
L1+L2−M1+M2
2
,M ′1 =
−L1+L2+M1+M2
2
, L′2 =
L1+L2+M1−M2
2
,M ′2 =
L1−L2+M1+M2
2
.
(iii) “Non-transverse” intersection, −1
If the incoming ray of one wedge is the same as the out-going ray of the other, one of the
intersections is 0 but the other is ±1 depending on the orientations of the two branes.
Here we consider the −1 case, as in Figure 8(Left) where I(1, 2) = 0 and I(2, 1) = −1. In
2
A
A
A 1
Figure 8: Two branes intersecting “non-transversely” (Left). They are expected to com-
bine into one brane (Right) by canceling the parallel rays of opposite orientation.
this case, there is one fermionic supersymmetric ground state from the 2-1 string sector. If
the dimension of the corresponding deformation operator is less than 1, it can decay to a
new brane configuration. The wedge-picture suggests it is the brane obtained by deleting
the overlapping and oppositely oriented rays of the two branes. For the case as in Figure
where πM1+L1+1
k+2
= πM2−L2−1
k+2
(mod 2π) and L1+L2 ≤ k, it is AL,M with L = L1+L2+1
and M = −L1+L2+M1+M2
2
.
(iv) “Non-transverse” intersection, +1
Next, we consider the +1 case, as in Figure 9 where I(1, 2) = 0 and I(2, 1) = 1, which is
obtained by flipping the orientation of one of the two branes. In this case, there is one
bosonic ground state but no fermionic ground state. Thus, there is no supersymmetric
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A 2
A 1
Figure 9: Two branes intersecting “non-transversely”. They cannot combine into one
brane because the orientation of the parallel rays are the same.
deformation and the brane is stable.
5.2 B-branes in the orbifold
We now describe the same system in the mirror LG orbifold.
Let us denote by BL,M the B-brane in the orbifold obtained from the B-brane (BL, ρM)
of the original model where ρM is the Chan-Paton representation of the orbifold group
Zk+2 given by (3.8),
γ : |0〉L 7→ ω−M+L+12 |0〉L, η|0〉L 7→ ω−M−L−12 η|0〉L.
Note that the “brane configuration” (Cη|0〉L⇋fg C|0〉L) is invariant under the orbifold
group
f(x) = xL+1 → ω−M+L+12 f(ωx)ωM−L−1
2
= f(x),
g(x) = xk+1−L → ω−M−L−12 g(ωx)ωM+L+12 = g(x).
5.2.1 Open string ground states
Let us first analyze the supersymmetric ground states of the open string stretched between
two such branes, BL1,M2 and BL2,M2. First thing to note is that the Zk+2-equivariant Q-
cohomology is the same as the Zk+2-invariant states of the ordinary Q-cohomology. Let
us explain this. Let (C,Q) be a complex and let Γ be a symmetry group. Namely Γ acts
on C and each γ ∈ Γ preserves the degree and commutes with Q. Then, the Γ-invariant
elements of C form a complex CΓ. We assume Γ is a compact group. Then we have a
Theorem. Γ-invariant part of the cohomology group is the same as the cohomology of
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Γ-invariant part of the complex
H(C,Q)Γ = H(CΓ, Q). (5.5)
Proof: The proof assumes that Γ is finite but it is clear this applies also to a group with
an invariant measure with volume 1. We have a map
ZΓ −→ (Z/QC)Γ. (5.6)
We want to show (i) it is surjective, and (ii) the Kernel is Q(CΓ). To show (i) let
f ∈ C represent a Γ-invariant cohomology class. Namely, Qf = 0 and, for any γ ∈ Γ,
γf = f +Qf ′γ for some f
′
γ ∈ C. Then,
f1 :=
1
|Γ|
∑
γ∈Γ
γf = f +Qf ′
for some f ′ ∈ C. Namely, f ≡ f1 ∈ ZΓ. This shows (i). To show (ii), let f ∈ ZΓ be
mapped to 0 by (5.6). Namely, γf = f(∀γ ∈ Γ), Qf = 0, and f = Qf ′ for some f ′ ∈ C.
Then,
f =
1
|Γ|
∑
γ∈Γ
γf =
1
|Γ|
∑
γ∈Γ
γQf ′ = Q
(
1
|Γ|
∑
γ∈Γ
γf ′
)
.
This means f ∈ Q(CΓ). Thus (ii) is shown. End.
The orbifold group action on the supersymmetric ground states of the original theory
have been found in (3.9). There is at most one invariant state. It is |j∗〉bL1L2 or |j′∗〉fL1L2 if
j∗ or j
′
∗ defined by
j∗ ≡ M2 −M1
2
, j′∗ ≡
M1 −M2
2
− 1 mod (k + 2),
is in the range (3.6), and there is none if both of them are outside that range. Thus, we
find
HbSUSY ⊕HfSUSY =

C⊕ 0 if |L1−L2|
2
≤
[
M2−M1
2
]
k+2
≤ min
{
L1+L2
2
, k − L1+L2
2
}
0⊕ C if |L1−L2|
2
≤
[
M1−M2
2
− 1
]
k+2
≤ min
{
L1+L2
2
, k − L1+L2
2
}
0⊕ 0 otherwise,
(5.7)
where [c]k+2 is the lowest non-negative number in c + (k + 2)Z. This agrees with the
ground state spectrum for the pair AL1,M1-AL2,M2. For example, compare with (5.3) for
the case L1 ≥ L2 and k ≥ L1 + L2. Thus we find the following identification
AL,M = BL,M . (5.8)
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What we learn from this is the dimension of the operator O for the supersymmetric de-
formations. The identification given in Section 3 of the R-charge of the ground states and
corresponding operators goes through without modification also in the orbifold theory.
In particular, the dimension of the operator that corresponds to the fermionic supersym-
metric ground state (present in the middle case of (5.7)) is
∆ =
k + 1− j′∗
k + 2
≡ 1− M1 −M2
2(k + 2)
mod (k + 2). (5.9)
It is indeed a relevant operator, ∆ < 1.
5.2.2 RG flows
Let us consider the sum of two branes BL1,M1 ⊕BL2,M2. The Chan-Paton factor is given
by C2+⊕C2− where C2+ is spanned by {|0〉L1, |0〉L2} and C2− is spanned by {η1||0〉L1, η2|0〉L2}
on which the orbifold group acts as
γ+ =
(
ω−
M1+L1+1
2 0
0 ω−
M2+L2+1
2
)
, γ− =
(
ω−
M1−L1−1
2 0
0 ω−
M2−L2−1
2
)
,
respectively. The maps f : C2− → C2+ and g : C2+ → C2− are represented by the matrices
f(x) =
(
xL1+1 0
0 xL2+1
)
, g(x) =
(
xk+1−L1 0
0 xk+1−L2
)
,
which are indeed invariant under the orbifold group action, f(x)→ γ+f(ωx)γ−1− , g(x)→
γ−g(ωx)γ
−1
+ . We would like to identify the supersymmetric deformation given by the
relevant operator corresponding to |j′∗〉fL1L2 when it is present. Let us try the family of
configurations given by (4.16) and (4.17):
ft(x) =
(
xL1+1 cos t xL2+1−a sin t
−xL1+1+a sin t xL2+1 cos t
)
, (5.10)
gt(x) =
(
xk+1−L1 cos t −xk+1−L1−a sin t
xk+1−L2+a sin t xk+1−L2 cos t
)
(5.11)
where a is an integer such that
max{−L1 − 1, L2 − k − 1} ≤ a ≤ min{L2 + 1, k + 1− L1}. (5.12)
In the present case, we need to make sure that the deformation is invariant under the
orbifold group Zk+2 which acts as ft(x) → γ+ft(ωx)γ−1− , gt(x) → γ−gt(ωx)γ−1+ . This
requires the condition
ωa = ω
M2+L2−M1−L1
2 . (5.13)
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If j′∗ is in the allowed range (3.6), one can solve (5.13) for a within (5.12). Then it is
clear that fε(x), gε(x) can be regarded as the perturbation by the operator corresponding
to the state |j′∗〉L1L2 (cf. Section 4.3). The perturbed theory flows in the IR limit to the
configuration with t = π
2
. After the basis change of C2+ by Rpi2 =
(
0−1
1 0
)
, it is given by
f ′(x) =
(
xL1+a+1 0
0 xL2−a+1
)
, g′(x) =
(
xk−L1−a+1 0
0 xk−L2+a+1
)
γ′+ =
(
ω−
M2+L2+1
2 0
0 ω−
M1+L1+1
2
)
, γ′− = γ−.
This is the configuration for BL′1,M ′1 ⊕BL′2,M ′2 where
L′1 = L1 + a ≡ L1+L2−M1+M22 (mod k + 2), M ′1 = −L1+L2+M1+M22 , (5.14)
L′2 = L2 − a ≡ L1+L2+M1−M22 (mod k + 2), M ′2 = L1−L2+M1+M22 . (5.15)
Thus, we found that the deformation by the operator corresponding to |j′∗〉fL1L2 generates
the RG flow
BL1,M1 ⊕BL2,M2 −→ BL′1,M ′1 ⊕BL′2,M ′2 (5.16)
where the two sets of labels are related by (5.14) and (5.15). The decrease of the boundary
entropy can be shown in the same way as in Section 4.3. This process is the mirror of the
brane-recombination of the A-branes as described in Case (ii) of Section 5.1.1, see Figure 7.
This is enough to see that the brane charge is generated by B0,M withM = 0, 2, ..., 2(k+1)
which are related by
[B0,0] + [B0,2] + · · ·+ [B0,2k+2] = 0.
The mirror of Case (iii) where two branes AL1,M1 ⊕ AL2,M2 combine into one AL,M is
described by the flow with a = L2 + 1. The Zk+2-invariance condition (5.13) in this case
is nothing but πM1+L1+1
k+2
≡ πM2−L2−1
k+2
(mod 2π), which is the condition that the out-going
ray of AL1,M1 agrees with the in-coming ray of AL2,M2.
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